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Structures at nanoscale



Nano-structured materials for engineering applications

Young’s modulus (E); Tensile yield stress (σy).

Nano-crystalline copper (Cu)

Average grain size < 100 nm

E ~ 120 GPa

σy ~ 0.3 - 1 GPa

Coarse grained Cu

Average grain size ~ 1µm

E ~ 110 - 128 GPa

σy ~ 100 MPa

500µm100nm

Nanostructured materials



Nano-structured material for engineering applications

Carbon nanotubes

SWCN

E ~ 1-5 TPa

σσσσy ~13-53 GPa

Nano-thin films and 
nano-wires

E ~ 80-100 GPa

σσσσy ~ 2-9 GPa

Youngn’s modulus (E); Tensile yield stress (σy)

Amorphous materials

E ~ 150 GPa 

σσσσy ~ 0.7 - 3.8 GPa

Nano-crystalline materials

E ~ 200 GPa

σσσσy ~ 0.3 - 1 GPa

Nanostructured materials



Potential benefits of nano-structured materials     

High strength / weight ratio     

High corrosion resistance     

Noise damping    

Reduce manufacturing costs    

Improve recyclability    

http://www.sandia.gov/news-center/news-releases/2003/mat-chem/nanocrystals.html



Deformation mechanisms at Deformation mechanisms at 
different length scalesdifferent length scales

Continuum 

(Phenomenological theories)

(100 µm)3 – (1m)3 : ms - h

Ab-Initio (electrons)

(1nm)3 : 0 – 1ps

Meso-scale (poly-crystalline 
materials)

(10µm)3 - (100 µm)3 : ns - s

Atomic scale (atoms)

(1 nm)3 - (100 nm)3 : ns

Dislocation dynamics 

(defects)

(µm)3 : ns - s

Deformation mechanisms



The mechanical concept of stressThe mechanical concept of stress



The inertia tensor The inertia tensor 
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Conservation Conservation laws in laws in 
continuum mechanicscontinuum mechanics

Conservation of MassConservation of Mass

Conservation of Linear 
Momentum

Conservation of Linear 
Momentum

9

MomentumMomentum

Conservation of Angular 
Momentum

Conservation of Angular 
Momentum

Conservation of EnergyConservation of Energy



Conservation of linear momentumConservation of linear momentum

� It requires that the rate of change of the 
linear momentum, in any part of a body, 
should equal to the force acting on the 
partpart

Linear momentum:
Rate of change:
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ForcesForces

� Nominal density of body force

� Nominal traction
statecurrent  in the volume

 statecurrent  in the force
),( =txb

 statecurrent  in the force

� Conservation of linear momentum
statecurrent  in the area

 statecurrent  in the force
),( =txt
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The The virialvirial of of ClausiusClausius -- continuum systemcontinuum system
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The The virialvirial of of ClausiusClausius -- discrete systemdiscrete system
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TheThe average stress tensoraverage stress tensor
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TheThe average stress tensor average stress tensor -- relative motion relative motion 
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TheThe average stress tensor average stress tensor –– rotating diskrotating disk
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TheThe average stress tensor average stress tensor –– rotating diskrotating disk
Linear elasticity solutionLinear elasticity solution
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TheThe average stress tensor average stress tensor –– rotating diskrotating disk
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TheThe average stress tensor average stress tensor –– rotating diskrotating disk
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TheThe average stress tensor average stress tensor –– rotating diskrotating disk
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TheThe average stress tensor average stress tensor –– rotating diskrotating disk
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InteratomicInteratomic potentialspotentials
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Newton 2nd law

Interatomic potential (general form)

Atoms
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Inter-atomic potential and inter-atomic 
forces
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Simulation of mechanical testsSimulation of mechanical tests

Prescribe boundary 
conditions.

Minimize potential energy by 
the CG method.
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Minimize potential energy 
by the Conjugate Gradient 
(CG) method.
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Global balance of Linear 
Momentum :

∫ ∫
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Determination of macroscopic stresses
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Stress and strain tensors



Deformation gradient
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config.current in (i)atomofPosition :
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( Zimmerman, 2000; Sunyk and 
Steinmann, 2003; Li, 2005 )

LSM in conjunction with smoothing functions (Gullett et al., 2008) 
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Stress and strain tensors



Values ϕ(i) of ϕ(X) at N points in domain Ω are known

Weight with 
Kernel function 
and derivatives of 
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Determination of macroscopic strains
(MSPH – Modified Smoothed Particle Hydrodynamics)

Taylor series 
around x(i)
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Stress and strain tensors



Determination of macroscopic strains
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Stress and strain tensors



IV
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Ω
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Gold specimens used in the different 
mechanical tests

L/H L

(Å)

No. atoms
(eV/eV) (Å3/Å3)

ε

(Å/Å)

1 ~32 3480 3.763e-3 -2.021e-2 -2.081e-2

1 ~50 7813 2.549e-3 -1.486e-2 -1.713e-2

~100

Planes parallel to  [100], [010] and [001].

H

L

Table: For specimens with different L/H ratios, the change in the total potential energy (V),
the change in the total volume (ΩT), and the axial strain (ε) upon relaxation.

1 ~100 58825 1.044e-3 -6.923e-3 -1.036e-2

3 ~110 9928 2.616e-3 -1.531e-2 -1.589e-2

5 ~188 16787 2.369e-3 -1.518e-2 -1.518e-2

10 ~367 32671 2.197e-3 -1.361e-2 -1.469e-2

20 ~742 65883 2.105e-3 -1.316e-2 -1.430e-2 RL

L∆=ε
X

Y

Z

Mechanical tests



Tensile/compressive deformations in gold crystals
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on all bounding surfaces
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Mechanical tests
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Simple tension
Simple compression

Elastic constants gold crystals
( Young’s modulus E )
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Simple tension
Simple compression

Elastic constants gold crystals
( Poisson’s ratio ν )
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Stress tensors - Tension/compression with 
prescribed essential B.C.s. on all bounding surfaces
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Hyperelastic material & average stresses
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Simple tension / compression 
 

Eq. (2.5)
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Simple tension / compression 
 

Eq. (2.5)
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(2.7)

Simple tension/compression – Average axial stress
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Instabilities in simple tension/compression



4

5

6
Simple tension / compression

 

L/H = 20
L/H = 10
L/H = 5
L/H = 3

xu Y

X

yu yu

Simple tension/compression – Values of the yield stress
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L/H = 3
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Local instability criteria:
Local Hessian, CNP parameter, Second-order 

gradients 
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Comparison of results from the local instability criteria

ε = 8.08% 

Simple tension L/H = 10

ε = 8.15% 

Instabilities in simple tension/compression

Dimensions in Å



Comparison of results from the local instability criteria

ε = -5.15% 

Simple compression L/H = 10

ε = -5.16% 

Instabilities in simple tension/compression

Dimensions in Å



Comparison of results from the local instability criteria

Simple compression L/H = 10

ε = -5.15% ε = -5.16% 

Instabilities in simple tension/compression

ε = 8.08% 
ε = 8.15% 

Simple tension

Dimensions in Å



Specimen A: side ~32 Å, 3480 atoms 
Specimen B: side ~50 Å, 7813 atoms 
Specimen C: side ~100 Å, 58825 atoms. 
Planes parallel to  [100], [010] and [001].
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Stress tensors for simple shear deformations 
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Shear tests
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Comparison of results from the three local instabil ity criteria

γ = 0.1020 

Shear test

Specimen C

G

γ = 0.1069

Instabilities in gold crystals 



Distributions of the local 
components of the Cauchy stress 

tensor in the unloaded relaxed 
configuration

Specimen C
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Instabilities in shear and simple shear
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Divergence of the Cauchy stress 
tensor in the reference 

configuration
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Local stress distributions
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Specimen B

Comparison of shear stress components 
computed by different methods
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Simple shear tests
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Comparison of normal stress components 
computed by different methods
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Completed work: instabilities in shear and simple s hear 
deformations of gold crystals

Analysis of instabilities, Local Instability
Results of numerical simulations (Local Hessian and CNP distributions)
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Distribution of the components of the Cauchy stress  tensor

γ = 0.0921 γ = 0.0870
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Material instability: stress relaxation

γ = 0.0921 γ = 0.0870

 
Stress 
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Pre-instability 

Point 1 

 
Post-instability 

Point 1 

 
Pre-instability 

Point 2 

 
Post-instability 

Point 2 

 
Pre-instability 

Point 3 

 
Post-instability 

Point 3 

VMσ  

 
6.672 3.364 8.741 7.594 9.038 7.968 

xyσ  

 
3.747 1.186 4.043 3.864 4.646 3.512 

P1 

 
-8.004 -3.641 -10.075 -8.386 -11.424 -9.900 

P2 

 
-3.079 -1.701 -4.733 -3.884 -5.691 -4.105 

P3 

 
-0.411 0.243 -0.215 0.381 -1.004 -0.813 

max2τ  

 
7.593 3.884 10.075 8.767 10.419 9.087 

 

Specimen C
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Alloy
Yield strength
σy

(MPa)

Yield strength
σy

(Ksi)

Density
ρm

(g cm-3)

Density
ρm

(lb in-3)

Strength to 
weight 
ratio

Elongation
(%)

Metallic glasses

Table . A comparison of properties at room temperature for some metallic glasses and polycrystalline materials.

Amorphous metals
-Mechanical properties-

Zr41.25Ti13.75Cu12.25Ni10Be22.5 1900 275 6.1 0.22 310 2

Mg65Cu25Tb10 700 100 4.0 0.14 175 1.5

Fe59Cr6Mo14C15B6 3800 550 7.9 0.29 480 ~2

Conventional alloys

Aluminum (7075-T6) 505 73 2.8 0.10 180 11

Titanium (Ti-6Al-4V) 1100 160 4.4 0.16 250 10

Steel (4340) 1620 190 7.9 0.29 206 6

Magnesium (AZ80) 275 400 1.8 0.07 150 7

(From Hufnagel Research Group, Department of Materials Science and Engineering, Johns Hopkins University)



Amorphous metals
-Deformation mechanisms-

Shear transformation zones (STZ)
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STZs in amorphous Ni

The distortional strain tensors
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STZs in amorphous Ni

The continuously distributed dislocations and the Nye tensor
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Hartley and Mishin (2005) 



STZs in amorphous Ni
Distributions II-CD and STZs

Tension test

Amorphous NiAmorphous Ni



Nanocrystalline materials
-Deformation mechanisms at grain boundaries-

Inverse Hall-Petch

(From Schiøtz and Jacobsen, 2003) 



Completed work: Grain boundary deformation in nano- crystalline Ni

Separation of the system in bulk and grain boundaries
a b

c d

a b

c d

Tension test

nc Ni

(a) εzz = 1%.
(b) εzz = 9%.
(c) section x = 0 at εzz = 1%.
(d) section x = 0 at εzz = 9%.



Grain boundary deformation in nano-crystalline Ni

Distribution of the Nye tensor

a ba b
Tension test

nc Ni

c dc d

Distribution of the Nye norm for the section x = 0 at different strain levels; 
(a) εzz = 1%, (b) εzz = 3%,
(c) εzz = 5%,and (d) εzz = 7%. 



Grain boundary deformation in nano-crystalline Ni

Distribution of the Nye tensor GBs

a b

Tension test

nc Ni

c d



Completed work: Grain boundary deformation in nano- crystalline Ni

Distribution of the Nye tensor section x=0

e f

Tension test

nc Ni

g h
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GOLD : MM & FEM - TENSION /COMPRESSION TESTS
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E = 78.779 [GPa]
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GOLD : TENSION/COMPRESSION TESTS – YOUNG’S MODULUS

BULK Au  - FEM VS. MM
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FEM : E = 78.779 GPa

MM : E = 72.2 GPa

Liu, S.S., Wen Y.H., Zhu Z.Z., 2008. The elastic properties and energy 
characteristics of Au nanowires: an atomistic simulation study. Chinese 
Physics B, Vol. 17 No 7, 2621-2626. 

POLYCRYSTAL : E ~ 78 GPa

Quantum Corrected Sutton-Chen (Q-SC) potential
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MM - 3430 atoms
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GOLD: UNIAXIAL TENSION/COMPRESSION L/H=1
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Summary: research topics 

Determination of a homogeneous dislocation nucleation 
criterion based on higher order continuum mechanics theory.

Analysis of structural instabilities by MD+DFT simulation of 
mechanical tests. 

Constitutive relations for amorphous materials based on the 
nucleation and evolution of the STZs. Implementation of the 
constitutive theory at macro-scale using homogenization 
theories.  theories.  

Analysis of deformation mechanisms  for grain boundaries in 
nano-cristalline materials and formulation of constitutive 
relations for implementation in multi-scale approaches. 

Possibly: 
- Constitutive relations for  biomaterials, polymers and hydro-gels.
- Analysis of delamination and wear in protective coatings (DFT and MD). 



Thank you!
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